Abstract. We define reduced zeta functions of Lie algebras, which can be derived, via the Euler characteristic, from motivic zeta functions counting subalgebras and ideals. We show that reduced zeta functions of Lie algebras possessing a suitably well-behaved basis are easy to analyse. We prove that reduced zeta functions are multiplicative under certain conditions and investigate which reduced zeta functions have functional equations.
Introduction
Let p be a prime. Let L p be a torsion-free finite dimensional Lie algebra over the ring Z p of p-adic integers. The zeta functions of L p are defined by In Section 4 we calculate reduced zeta functions for some Lie algebras possessing a wellbehaved basis. In Section 5 we investigate which reduced zeta functions have functional equations. In particular, we show that
provided the Lie algebra L has a suitably well-behaved basis. We also find su‰cient conditions for R There is a price to be paid for these properties: a reduced zeta function encodes considerably less information about a Lie algebra than a usual zeta function does. In particular, it is possible for two Lie algebras to have di¤erent zeta functions counting ideals, but the same ideal reduced zeta function (see Example 4.5 below).
Throughout the paper, N denotes the set of all positive integers. We denote by Z f0 , R f0 , R >0 the sets of nonnegative integers, nonnegative real numbers, positive real numbers respectively. We write S7t8 for the ring of formal power series over a commutative ring S.
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Motivic zeta functions and the Euler characteristic
In order to be able to define a reduced zeta function for all Lie rings L (not just for those whose corresponding zeta function is uniform) and to analyse it rigorously, we need the concept of a motivic zeta function developed by du Sautoy and Loeser [2] . We recall the necessary definitions and results from [2] .
Throughout the remainder of this section, k will denote a field of characteristic zero. The Grothendieck ring M of algebraic varieties over k is generated by symbols ½S, for each algebraic variety S over k, with the relations Let Y be an algebraic variety over k, that is a reduced separated k-scheme of finite type. If K is a field which is a finite extension of k, write Y ðKÞ for the set of rational points of Y over K. By the set underlying Y we shall mean the set of closed points of Y . This set is in one-to-one correspondence with the set consisting, for each finite extension K of k, of the orbits of rational points of Y over K under the action of the Galois group GalðK=kÞ. A subset of Y is said to be constructible if it can be obtained from Zariski closed subsets of Y by taking finite unions and complements. If A is a constructible subset and K is a finite extension of k, one can define the set AðKÞ of points of A over k as follows:
AðKÞ :¼ fx A Y ðKÞ : the orbit of x under GalðK=kÞ belongs to Ag:
To any constructible subset A one can associate a canonical element ½A of the Grothendieck ring M.
Let L be a Lie algebra over k7t8, finitely generated as a k7t8-module. By a class X of subalgebras of L we understand the data consisting, for every field K which is a finite extension of k, of a family X ðKÞ of subalgebras of L n k K. We shall be concerned only with the classes X e and X x where X e ðKÞ is the set of closed subalgebras of L n k K which are K7t8-submodules of L n k K and X x ðKÞ is the set of closed ideals of L n k K that are K7t8-ideals of L n k K. In what follows, we shall assume that X is one of these two classes.
We shall view the finite Grassmannian X n ¼ GrðL=t n LÞ as an algebraic variety over k. The points of X n over a finite extension K of k are vector subspaces of ðL n k KÞ=ðt n L n k KÞ. Define
Note that t n L n k K is contained in every element of A n ðX ÞðKÞ. Thus, A n ðX ÞðKÞ can be thought of as a subset of X n ðKÞ. By [2] , Lemma 2.12, there exists a constructible subset B n of X n such that B n ðKÞ ¼ A n ðX ÞðKÞ for all finite extensions K of the field k. Clearly, such B n is unique, so we can associate to A n ðX Þ the element ½B n of the Grothendieck ring. The motivic zeta function of L and X is defined by
It takes values in M7T8. The following result establishes the rationality of a motivic zeta function. [2] , Subsection 2.9, should be amended as follows: X is a constructible class of subalgebras if there exists a constructible subset B l; n of X l such that B l; n ðKÞ ¼ A l; n ðX ÞðKÞ for all finite extensions K of k (here we use the notation of [2] ). The author is grateful to one of the referees for pointing out the same error in the original version of the present paper. Now assume k ¼ Q. For any variety X over Q, one can choose a model X 0 of X over Z and consider the number of points n p ðX Þ of the reduction X 0 modulo p, where p is a prime number. Then n p ðX Þ is well defined (that is, does not depend on the choice of X 0 ) for all but finitely many p. Let P be the set of all primes. If S is a ring, denote by S
S is the ring of functions P ! S, and L p A P S is the ideal consisting of such functions with finite support.) Then the sequence ðn p Þ p A P induces a ring homomorphism n : M ! Z P 0 (see [2] , Subsection 7.6, for more detail).
Setting n p ðL À1 Þ ¼ 1=p, one can extend n to a map n : M loc ½T ! Q½T to ð1 À p a T b Þ À1 , we may further extend n to a ring homomorphism n :
Q7T8 be a lifting of the map n (that is, a set-theoretic map that yields n when composed with the canonical projection), and let n p beñ n composed with the projection onto the p-component. Then n p is not determined uniquely, but if ðn 0 p Þ p A P is another sequence of maps obtained in this way, then for each (fixed) x A M½T loc , n p ðxÞ ¼ n 0 p ðxÞ for almost all p.
If L is a Lie algebra of finite rank defined over Z then the local zeta functions of L are closely related to the motivic zeta function of L n Z Q7t8. The following is e¤ectively a restatement of [2] , Corollary 7.9, and its analogue for ideal zeta functions. Theorem 2.2. Let L be a Lie algebra over Z, of finite rank as a Z-module. For almost all p,
In addition to motivic zeta functions, we shall need the notion of Euler characteristic for constructible sets over C (that is, for constructible subsets of C m , m A Z f0 ). Such a concept is defined (in greater generality) by van den Dries [7] . Say that a map f : A ! B between two constructible sets A and B over C is constructible if the graph
is constructible. The next result follows from [7] , Chapter 4, §2 (particularly, Section 2.15).
Theorem 2.3. There exists a unique integer-valued function w on the class of all constructible sets over C satisfying the following properties:
(ii) wðA W BÞ ¼ wðAÞ þ wðBÞ
wðBÞ ¼ e Á wðAÞ:
Remark. The function w coincides with the topological Euler-Poincaré characteristic.
The Euler characteristic wðSÞ of a constructible set S is therefore an invariant of the element ½S of the Grothendieck ring M. It induces a ring homomorphism w : M ! Z. We can extend w to a ring homomorphism w : M loc ! Z setting wðL À1 Þ ¼ 1. Further, w extends to a homomorphism
by the obvious rule
wðA j ÞT j :
Reduced zeta functions
From now on we shall mostly work over the field C of complex numbers. Let L be a Lie algebra over C7t8, finitely generated as a C7t8-module. We define the reduced zeta functions of L by
where Ã is either e or x as usual. We shall refer to R e L ðTÞ and R x L ðTÞ as the subalgebra and the ideal reduced zeta functions of L respectively. If L is a Lie algebra over a subring S of C7t8, finitely generated as an S-module, define the reduced zeta functions of L by
Remark. This definition has much in common with the concept of topological zeta functions defined by du Sautoy and Loeser in [2] , Section 8. The di¤erence is that in the present approach T is considered as an independent variable and is not replaced by L Às . Reduced and topological zeta functions encode di¤erent kinds of information about a Lie algebra. Apparently, neither of these functions can be derived from the other. Unlike the reduced zeta function (see Theorem 3.3 below), the topological zeta function is not multiplicative with respect to taking direct sums in any generality. We now analyse ways to simplify calculation of a reduced zeta function. Assume L is torsion-free. Let d be the dimension of L as a C7t8-module. Fix a C7t8-basis fx 1 ; . . . ; x d g of L. Using this basis, we shall write elements of L simply as row vectors with entries from C7t8. If z A L, write f i ðzÞ for the i-th coordinate of z in this basis. If n ¼ ðn 1 ; . . . ; n d Þ is a d-tuple of nonnegative integers, let T n be the set of matrices of the form
where a ij A C7t8 is a polynomial in t of degree less than n j (by convention, the zero polynomial has negative degree). We shall write a ij ðtÞ ¼ a
where a ðlÞ ij A C. Clearly, T n may be viewed as the set underlying the a‰ne space of dimen-
If m is a nonnegative integer, let N m be the set of all d-tuples n ¼ ðn 1 ; . . . ; n d Þ of nonnegative integers such that
matrix over C7t8 with a non-zero determinant can be transformed by elementary row operations to a unique matrix of the form (2) . (Here, the elementary row operations are: permuting rows of M, adding a row of M to another row of M with a coe‰cient from C7t8 and multiplying a row of M by an invertible element of C7t8.)
Let v be the standard valuation on C7t8; that is, for a 3 0, vðaÞ ¼ r where r is the greatest integer such that t r divides a. Consider a matrix M A T n (for some n) and an element Therefore, for each choice of n, the condition XðMÞ A X Ã may be written as a finite Boolean combination of polynomial equations in the coordinates a ðrÞ ij . That is, there is a constructible subset F Ã n of T n whose elements are precisely the matrices M such that XðMÞ is in the class X Ã ðCÞ. Then
Call a pair ði; jÞ (where 1 e i < j e d) removable if there exist integers l 1 ; l 2 ; . . . ; l d such that:
(i) For all z A C Ã ¼ Cnf0g, the map given by x r 7 ! z l r x r ðr ¼ 1; . . . ; dÞ is an automorphism of L.
(ii) l i 3 l j .
If C is a set of pairs ði; jÞ (satisfying 1 e i < j e d), let E n; C be the subvariety of T n given by the following condition: a ij ¼ 0 whenever ði; jÞ A C: Theorem 3.2. Let L be a torsion-free Lie algebra over C7t8. Let fx 1 ; . . . ; x d g be a basis of L. Suppose C is a set of removable pairs ði; jÞ. Then
That is, one may assume that a ij ¼ 0 for each removable pair ði; jÞ when calculating the reduced zeta function.
Proof. We use induction on the size of C. The base case C ¼ j follows from (3). Assuming C is non-empty, pick a pair ði; jÞ A C, and let D ¼ Cnfði; jÞg. By the inductive hypothesis,
Let
Thus it is enough to prove that wðS n; i; j; w X E n; D X F Ã n Þ ¼ 0 whenever 0 e w < n j . Indeed, then the result would follow from (4).
Let f : S n; i; j; w X E n; D X F Ã n ! C Ã be the map defined by M 7 ! a ðwÞ ij : Since ði; jÞ is a removable pair, there are integers l 1 ; . . . ; l d such that l i 3 l j and, for all z A C Ã , x r 7 ! z l r x r ðr ¼ 1; . . . ; dÞ gives rise to an automorphism f z of L. If M A S n; i; j; w X E n; D and z A C Ã , let
so g z ðMÞ is obtained from M by multiplying the r-th column by z l r and the r-th row by z Àl r , for r ¼ 1; 2; . .
Since the sets of ideals and subalgebras are preserved by automorphisms of L, we conclude that g z is an automorphism of S n; i; j; w X E n; D X F Ã n . Note that f À g z ðMÞ Á ¼ z l j Àl i f ðMÞ. Thus, for any a A C Ã , g z j f À1 ðfagÞ is a constructible bijection onto f À1 ðfz l j Àl i agÞ. Since z l j Àl i runs through all non-zero complex numbers as z runs through C Ã , by Theorem 2.3, w À f À1 ðfagÞ Á is a constant independent of a A C Ã , e say. By Theorem 2.3 again, wðS n; i; j; w X E n; D X F Remark. The condition on the basis of L, while true for many examples considered in the literature, is quite restrictive: loosely speaking, it fails for a 'random' Lie algebra. It is an interesting question whether the subalgebra reduced zeta function is multiplicative in general.
Proof. We shall use notation described above adding subscripts L, N and L l N to denote the Lie algebra we refer to. Choose bases fx 1 ; . . . ; x d g for L and fy 1 ; . . . ; y e g for N.
As above, elements of L and N can be represented by row vectors of length d and e respectively. Consider first the case of ideals. By (3), it su‰ces to prove that 
By Theorem 3.2, B is nice whenever all the pairs ði; jÞ ð1 e i < j e dÞ are removable. Call B simple if for all i, j there exist l A f1; . . . ; dg and a A C7t8 such that ½x i ; x j ¼ ax l and either a ¼ 0 or vðaÞ ¼ 0. If B is simple, consider the polyhedral cones
y l e y i and y l e y j whenever ½x i ; x j ¼ ax l ; a 3 0g; ð8Þ The expression (10) is a sum over all integer points of a polyhedral cone. Sums of this kind may be computed using the Elliott-MacMahon algorithm (see [5] , Section 3). The running time of the algorithm is exponential in the dimension of L, so the algorithm is only practical for Lie algebras of relatively small dimensions. Proposition 4.1 together with Theorem 3.2 provide a way of calculating reduced zeta functions of Lie algebras possessing a simple basis with respect to which all pairs ði; jÞ ð1 e i < j e dÞ are removable. We list below some examples of reduced zeta functions found using this method. One can use this procedure to calculate, with relatively little e¤ort, reduced zeta functions of many other Lie algebras. However, it appears that a Lie algebra needs to possess a basis that is simple or is 'close' to being simple in order to be amenable to Theorem 3.2. Thus, the theorem simplifies calculations only for a special class of Lie algebras.
Example 4.1. Consider F 2; n ¼ hx 1 ; x 2 ; . . . ; x n ; y ij ð1 e i < j e nÞ : ½x i ; x j ¼ y ij for i < ji; the free Lie algebra of nilpotency class 2 on n generators. (Here, and in the sequel, the omitted Lie brackets between elements of the basis are assumed to be 0.) For every n-tuple l ¼ fl 1 ; . . . ; l n g of integers and for all z A C Ã , let c l; z : F 2; n ! F 2; n be the linear map given by
y ij 7 ! z l i þl j y ij whenever i < j:
One can check that c l; z is an automorphism of F 2; n . The maps c l; z , as l varies, witness removability of all pairs ðl; sÞ (with l < s) with respect to the basis B n ¼ fx 1 ; . . . ; x n ; y ij ð1 e i < j e nÞg:
Thus, B n is a nice and simple basis of F 2; n . It follows that if C is a subset of B n , then the quotient of F 2; n by the smallest ideal containing C has an obvious nice and simple basis. This provides many examples of Lie algebras of class 2 with a nice and simple basis.
Example 4.2. More specifically, consider the Heisenberg Lie algebra
By Proposition 4.1,
(Here we substitute m 1 ¼ n 1 À n 3 , m 2 ¼ n 2 À n 3 .) It is also routine to calculate the subalgebra zeta function of H:
The reduced zeta functions of
Á n . These expressions are much shorter than those of the usual zeta functions of H n , which so far have only be calculated for n e 4 in the case of ideals and for n e 2 in the case of subalgebras (see [3] ). : n 1 f n 4 ; n 1 f n 5 ; n 2 f n 4 ; n 2 f n 6 ; n 3 f n 5 ; n 3 f n 6 g (n 4 , n 5 , n 6 correspond to y 12 , y 13 , y 23 respectively). One can calculate this sum by splitting it into the following 6 disjoint cases: n 4 e n 5 e n 6 , n 4 e n 6 < n 5 , n 5 e n 6 < n 4 , n 5 < n 4 e n 6 , n 6 < n 4 e n 5 , n 6 < n 5 < n 4 ; in each of the cases, the sum becomes a geometric series. The result is
Example 4.4. Consider nilpotent Lie algebras of maximal class:
The ideal zeta functions of M q have been calculated for q e 4 by G. Taylor [6] , and the expressions become increasingly complicated as q increases. By contrast, it is easy to compute the reduced ideal zeta function of M q for an arbitrary q. For all r; l A Z and z A C Ã , the linear map given by y 7 ! z r y, x i 7 ! z irþl x i ði ¼ 1; . . . ; qÞ is an automorphism of M n . Varying r and l, one can easily show that the basis fy; x 1 ; . . . ; x d g is nice. Hence,
Example 4.5. Finally, consider the Lie algebra
The given basis is nice and simple. The corresponding polyhedral cone ðTÞ ¼ R
Note that the usual ideal zeta functions of Fil 4 and M 4 are not equal (see [3] ).
Functional equations
It is well known that many uniform zeta functions of Lie algebras (defined over Z) satisfy a functional equation of the form z z 
Thus, functional equations of reduced zeta functions are related to those of usual zeta functions.
In the sequel, we shall investigate functional equations of reduced zeta functions of Lie algebras possessing a nice and simple basis. Let L be a torsion-free d-dimensional Lie algebra over C7t8. Assume L has a nice (with respect to a particular choice of Ã) and simple basis B ¼ fx 1 ; . . . ; x d g. We shall make use of the following result, which is a restatement of a theorem due to R. Stanley ([5] , Theorem 4.1).
Theorem 5.1. Let Q 1 ; Q 2 ; . . . ; Q w be non-zero homogeneous linear forms with integer coe‰cients in real variables z 1 ; . . . ; z d . Let
and let
Then F ðXÞ and F ðXÞ are rational functions of the X i 's related by
Using Proposition 4.1, we deduce that, whenever ðC
We consider subalgebra zeta functions first. For every element x A L, define the height hðxÞ of x to be the greatest number r such that x A Z r . Write x l 0 x i if there exists j such that ½x i ; x j ¼ ax l , a 3 0. Let 0 be the strict partial order on the set fx 1 ; . . . ; x n g defined as the transitive closure of the relation specified by the preceding sentence. Then (8) may be rewritten as It is easy to understand why the function R x L ðTÞ does not always have a functional equation: in general, there is no correspondence similar to (13). For example, the ideal reduced zeta function of L W ¼ hz; w 1 ; w 2 ; x 1 ; x 2 ; y : ½z; w 1 ¼ x 1 ; ½z; w 2 ¼ x 2 ; ½z;
(Of course, the given basis is nice and simple.) The Lie algebra L W is one of the examples of nilpotent Lie algebras whose usual (local) ideal zeta function does not have a functional equation discovered by L. Woodward (see [3] ). The following result gives su‰cient conditions for a functional equation to hold. 
